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Abstract

The analytical solution of the ideal model of chromatography for the band profile of a single component in
overloaded elution is extended to the case of the elution of a rectangular pulse in countercurrent moving-bed
chromatography. The formation of concentration shocks and diffuse boundaries resulting from the rectangular
injection profile of the feed is discussed for compounds moving in the direction of either the liquid phase or the
solid phase. Differences between the solutions obtained for the moving-bed and the fixed-bed problems are

examined and explained.

1. Introduction

Conventional implementations of chromatog-
raphy, whether for analytical or preparative
applications are batch processes. A feed solution
is injected into a continuous stream of mobile
phase which percolates through an immobile bed
of a suitable stationary phase packed inside a
fixed chromatographic column. The feed com-
ponents are eventually separated and collected
or detected at the end of the column. Then,
another cycle starts with the injection of a new
batch of feed. This same type of cyclic operation
takes place in all classic modes of chromatog-
raphy, elution, displacement or frontal analysis.
These processes have been developed to their
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current state of sophistication by analytical
chemists.

In its present form, the elution process satisfies
excellently the requirements for chemical analy-
ses and for the production of small amounts of
purified products in the research laboratory. It is
relatively easy to prepare columns for liquid
chromatography that have a high separation
power and a throughput commensurate with the
range of production rates needed by the pharma-
ceutical industry. Therefore, the possibility of
scaling up a chromatographic process for large-
scale industrial production has attracted consid-
erable attention. There are no reasons, however,
for the same implementation which suits so well
the needs of analytical chemists to be the most
convenient for industrial production. Continuous
processes have well known advantages over
batch processes and much interest has been
devoted to the development of a continuous
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implementation of the chromatographic process
[1]. This objective can be achieved if a relative
motion is created between the bed of stationary
phase and the point at which the feed is intro-
duced into the column. The main solutions
proposed so far are countercurrent chromatog-
raphy (using a sliding column or a “‘stationary
phase” bed moving along the column) and cross-
current chromatography, using a rotary annular
column (1]. The former approach is generating
increasing interest among separation engineers
[1-7]. Note that in these implementations it
becomes impossible to distinguish the two phases
of a chromatographic system as the mobile and
the stationary phase, since both phases move
along the column. We shall call the former the
liquid phase and the latter the solid phase.

The countercurrent effect can be achieved by
sliding the column past the feed injection nozzle
(sliding column), by moving continuously the
solid adsorbent (moving bed, MB) or by using a
series of short columns, instead of a long col-
umn, and moving sequentially in the direction of
the liquid phase the inlet and outlet ports associ-
ated with each connection between successive
columns (simulated moving bed, SMB) [1-6].
From the perspectives of modeling and initial
process design, both true and simulated counter-
current processes can be considered in the same
general way [2], and only a general model of
countercurrent moving bed needs to be consid-
ered at this stage. Numerous theoretical and
experimental investigations of MB and SMB
have been published, particularly in the recent
past [1-6]. However, owing to the complexity of
the problem, our understanding of the phenom-
enon and our ability of optimize the experimen-
tal conditions under which the process is run are
still limited.

As has happened in fixed-bed chromatography
[7], the understanding of the development, mi-
gration and progressive separation of the in-
dividual bands of the components of a mixture in
moving-bed chromatography would be greatly
simplified if we knew the evolution of the pro-
files of single-component bands during their
migration in a countercurrent chromatographic
system. The use of the ideal model further

simplifies considerably the solution of this latter
problem by focusing attention on the influence of
the thermodynamics of phase equilibrium [7]. As
all implementations of chromatography for pre-
parative purposes are bound to operate at high
concentrations, only a moderate amount of dis-
persion distinguishes the band profiles obtained
with actual columns from those predicted by the
ideal model [7]. The ideal model has been
studied in great detail and its analytical solutions
for single- and multi-component problems are
now well known for elution, frontal analysis and
displacement [7-11]. They have been used as a
basis not only for a theoretical understanding of
the behavior of chromatographic bands, but also
for the development of practical procedures of
optimization of the experimental conditions for
maximum production rate in preparative chro-
matography [7,12-16]. As we shall show, the
ideal model offers similar interest in moving-bed
and simulated moving-bed chromatography.
The purpose of this paper is the study of the
simplest problem of countercurrent chromatog-
raphy, the determination of the concentration
profile and the migration of overloaded bands of
a single component moving in an ideal column
{(i.e., having an infinite efficiency) under the
conditions of moving bed and a pulse feed (with
zero feed flow as in the fixed-bed case). This
should provide a link between fixed-bed and
moving-bed chromatography, a first step toward
a detailed understanding of the properties of
countercurrent chromatography and the mecha-
nism of multi-component separations under
steady-state conditions. In further publications, a
binary mixture and a finite feed flow which
differentiates continuous from discontinuous
operations will be considered. ’

2. Theory

As explained in the Introduction, countercur-
rent moving-bed chromatography is very similar
to fixed-bed elution, except for the movement of
the solid phase and a finite feed flow. However,
in this first stage, the effect of the latter is not
considered here. Accordingly, the basic assump-
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tions of the ideal model for countercurrent
chromatography are [7-11] that (i) the solid and
the liquid phases are in constant and instanta-
neous equilibrium; (ii) there is no axial disper-
sion in the column; (iii) the process is isother-
mal; (iv) the column is radially homogeneous,
and can be considered as one-dimensional; (v)
the liquid phase is not compressible; and (vi) the
partial molar volume of the component is the
same in the liquid and the solid phases and,
accordingly, there is no sorption effect [7].
Hence the column is assumed to have an infinite
efficiency. Although actual columns always have
a finite efficiency, this efficiency is high in most
practical cases, and the influence of the non-
linear behavior of the isotherm becomes the
controlling factor of band profiles, at least at
high concentrations [7]. As shown later, a con-
centration band may migrate in two opposite
directions and exit at two opposite side outlets of
the column; we define the raffinate outlet at
which the component exits with the liquid phase
(after moving in the direction of the liquid phase)
and the extract outlet at which the component
exits with the solid phase.

2.1. System of equations of countercurrent
chromatography

Based on the above assumptions, the mass
balance of a retained component is given by
aC dJ aC ¢
STt tu S —uFt=g (1)
where C and g are the liquid- and solid-phase
concentrations of the component, respectively, ¢
and z are the time and the position in the
column, respectively, F is the phase ratio [F =
(1—¢)/e, e=total column porosity], u is the
flow velocity of the liquid phase and v is the
velocity of the moving solid phase. Eq. 1 differs
from the conventional mass balance of chroma-
tography only by the second convective term.

This equation is also the mass balance in
simulated moving-bed chromatography, pro-
vided that the velocity u and v are chosen so that
the following two relationships are valid:

v=0v"" (2a)
u+ Fuo=u"? (2b)

where ¥°M® and v*™® are the velocities of the
fluid (liquid or gas) and the solid phases, respec-
tively, in SMB. Since, in practice, the movement
of the solid phase in SMB is achieved by switch-
ing sequentially the inlet and outlet ports of each
of the series of interconnected sub-columns, the
velocity v°™® is such that

L(1—¢)
=—t-—=

S

SMB
v

(20)

where L is the length of each sub-column or
column sub-section used in SMB and ¢, is the
switching interval time, i.e., the time between
two successive shifts of the feed injection and
product withdrawal points, shifts which are as-
sumed to take place instantaneously.

C and ¢ are related by the adsorption iso-
therm:

q=f(C) (3a)

In this work, q is assumed to be differentiable as
needed. For the sake of simplicity we consider
only a convex-upward isotherm without an in-
flection point. The extension to a convex-down-
ward isotherm' is straightforward and is not
discussed here. The simplest and most often used
model, the Langmuir isotherm:

1=T¥bC (3b)
where a and b are numerical coefficients, will be
used for illustrative examples of our general
results.

The initial and boundary conditions corre-
spond to an empty column and to the injection
of a rectangular pulse of feed in the middle of
the column, respectively. This amendment to the
classical definition of the boundary condition is
required to account for all the possible move-
ments of the band. As shown later, depending
on the experimental conditions, the band (or
part of it) can move in the forward or backward
direction. Feed injection in the middle of the
column differs from conventional practice in
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analytical chromatography or in fixed-bed pre-
parative chromatography, in which cases the
injection is done at one end of the column.
Actually, this condition corresponds to the prac-
tice of countercurrent moving-bed chromatog-
raphy where the feed is introduced at the column
center and the separated fractions are collected
at its two ends. The initial and boundary con-
ditions are written as

C(z,t=0)=0 -L<z<L (4a)
C(z=0,1)=C, 0<r<t, (4b)
Cz=0,6)=0 1, <t (4c)

where the initial component concentration in the
column is zero, C, is the component concen-
tration in the feed and ¢, is the injection dura-
tion.

2.2. Summary of the results obtained in fixed-
bed chromatography

The properties of the band profiles predicted
by the ideal model have been abundantly dis-
cussed in the case of fixed-bed chromatography
[7-16]. In this case, v =0 and the mass balance
equation contains only the first three terms in
Eq. 1. It results from this equation that a
velocity u,(C) is associated with each concen-
tration C on a diffuse (i.e., continuous) profile.
This velocity is given by

u
W= g (5)
1+ F- ac
Thus, in the case of a rectangular pulse injection
of width ¢, and height C;, the continuous part of
the elution profile (its rear in the case of a
convex-downward isotherm such as the Lang-
muir isotherm) is given by
t(C)=tp+%=tp+t(,(l+F-§%) (6)

Because the isotherm is not linear, u, depends
on the concentration. As a consequence, a
concentration discontinuity or shock will form on
one side of the profile, whatever the injection
profile. In Eq. 5, dg/dC is the slope of the

isotherm at concentration C. It increases with
decreasing liquid-phase concentration for a con-
vex-upward isotherm, with increasing concen-
tration for a convex-downward isotherm. Thus,
the velocity associated with a concentration
increases with increasing concentration in the
case of a convex-upward isotherm. Fig. 1 illus-
trates this effect for the Langmuir isotherm (solid
line). In this case, high concentrations move
faster than low concentrations but, as they can-
not pass them [7,10,11], they pile up at the front
of the band and a discontinuity or shock is
formed. The opposite is true for a convex-down-
ward isotherm, in which case a concentration
shock forms at the rear of the band profile.
The velocity of the concentration shock is not
given by Eq. 5. Writing a mass balance for the
discontinuity, Aris and Amundson [10] have
shown that the shock velocity is given by

u

1+ F “AC
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Fig. 1. Langmuir isotherm. Solid line, isotherm; dotted line,
tangent to the isotherm at C; dashed line, chord of the
isotherm at C. The parameters used in all the figures are
phase ratio, F=0.25; injection time, tp=0.5 s; Langmuir
isotherm, @ =1 and b =0.1 mM~'. Axes in mM.



G.M. Zhong, G. Guiochon /| J. Chromatogr. A 688 (1994) 1-23

where Agq and AC are the concentration am-
plitudes of the shock in the solid and the liquid
phase, respectively. The ratio Ag/AC is the slope
of the chord connecting the two points on the
isotherm which correspond to the liquid-phase
composition after and before the shock (see Fig.
1). Unless the isotherm has an inflection point,
this line goes through the origin.

The retention time of the front shock can be
obtained by writing that the band area is con-
stant and equal to the area injected [7,16]. This
procedure provides the maximum concentration
of the band, given as the root of the algebraic
equation

‘ oY) __n g
1-C3C| " FuF (8)

where n = C F, is the amount injected, F, =
eSu is the liquid-phase flow-rate and § is the
column cross-sectional area. This equation can
be solved in the case of the Langmuir isotherm.
giving

" b(1~VL) |

where L, is the loading factor or ratio of the
sample size to the column saturation capacity:
n_ tpCUb

Lf - th()F B t()k(’) (10)

where &, = Fa is the limit retention factor at
infinite dilution. In the case of the Langmuir
isotherm, the retention time, 1,(C,,), of the
shock is given by

te(Cy) =, + 1o + ki, (1 = VL) (11)

A band profile corresponding to this case is
shown in Figs. 2 and 3 (solid lines), as a refer-
ence for comparison with the profiles obtained in
the case of a moving-bed column.

Finally, comparison between Egs. 5 and 7
shows that the point on a continuous concen-
tration profile, or diffuse boundary, at concen-
tration C moves faster than a shock from con-
centration 0 to C. Hence, when a rectangular
pulse (width ¢, height C,) is injected into the
column, its front shock is stable and moves as a
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Fig. 2. Positive velocity case. Band profiles at the raffinate
outlet. k,=10.25 Solid line, fixed-bed chromatography, 8 =
0; dotted line, moving-bed chromatography, 8 =1; dashed
line. moving-bed chromatography, 8 =2. Liquid-phase flow
velocity, u =6.67 cm/s. Column length: (a) 10 cm; (b) 100
cm.

shock at a constant velocity [Eq. 7, U(Cy)]. Its
rear shock is not stable and becomes a diffuse
boundary (Eq. 6). The highest point of that
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Fig. 3. Positive velocity case. Mass fluxes at the raffinate
outlet. Solid line, flux profile at injection or in-flux for 8 = 1;
dotted line, out-flux profile for 8 =1, dashed line, in-flux
profile for 8 = 2; chain-dotted line, out-flux profile for 8 = 2:
liquid-phase flow velocity, u = 6.67 cm/s. Column length: (a)
10 cm; (b) 100 cm. eps =¢.
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boundary moves faster than the shock, so the
injection plateau at C, shrinks and eventually
disappears. When it disappears, the shock am-
plitude decreases and so does its velocity (Eq.
7). The shock height is given by Eq. 8 and its
position by Eq. 6 as 1z(Cy).

Similar profiles are obtained in countercurrent
chromatography, with some significant changes
caused by the solid-phase migration.

2.3. General properties of band profiles in
countercurrent chromatography

In this section we follow the same approach as
in fixed-bed chromatography to derive the equa-
tions giving the features of the band profiles
during their migration along the column [C =
f(z) at ¢t=constant] and those of the elution
profiles [C = f(¢) at z = L or z = —L according to
the band exiting at the raffinate outlet or the
extract outlet].

Mass conservation and mass flux

During a classical chromatographic experi-
ment, the concentration of a component is a
function of both r and z. There are significant
differences in fixed-bed chromatography be-
tween elution profiles {i.e., curves C(t) at z = L]
and concentration profiles along the column or
spatial profiles [i.e., curves C(z) at a certain
time]. In the latter case, the component in the
column is distributed between the two phases
and it is the sum of the areas of the liquid- and
solid-phase concentration profiles which is con-
served. Because of the non-linear behavior of
the isotherm and the progressive dilution of the
band during its migration, the proportion of the
component in each phase at equilibrium varies
during elution. The proportion in the solid phase
increases during the migration of the band if the
isotherm is convex-upward because the average
concentration decreases. In the elution profile,
however, the entire amount of component is in
the liquid phase, so the area of the elution
profile is equal to the area of the injection
profile. In moving-bed chromatography, by con-
trast, the history of liquid-phase concentrations
at a given point of the column (e.g., at z=1L)
does not have a constant areca. Part of the
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component moves past the point z with the
liquid phase at velocity u, and part with the solid
phase at velocity v. The invariant quantity in this
case is the integral of the mass flux passing across
the column at point z. It must be equal to the
total amount injected.

In fixed-bed chromatography, the net mass
flux, g°(C), in any point of the column for a
component with a local concentration C is

g’ (C)y=eCu (12)

As eu is constant, the mass flux is proportional
to the concentration and the area of the liquid-
phase concentration profile is proportional to the
mass and can represent it.

In a countercurrent moving bed, the solid
phase moves in the countercurrent direction and
the net flux, gB(C), is
g?(Cy=eCu— (1~ £)qu

= eu(C — BFq) (13)
where B =v/u is the ratio of the velocities of the
solid and liquid phases in the moving bed col-
umn. It is the area of the profile of g?(C) which
is constant at any point of the column and, for
practical purposes, at z =0 (inlet of the liquid
phase and feed in the present case) and at z = L

or z=—L (outlets of the liquid phase and
component).

Velocity associated with a concentration
In the cases of MB or SMB, Eq. 1 can be
rewritten as

dg
o  [17FFgc)ac
ot dg | az =0 (14)
RS

This result is very similar to that obtained in
elution on a fixed-bed column (Eq. 5), a case in
which B =v =0. Eq. 14 shows that each con-
centration propagates in the column at the ve-
locity u, given by

dg

LTS

dg
1+F 46

k(1 +8) ]
(1+bC) +k,

u,=u

Langmuir [

Properties similar to those of the elution
profiles on a fixed-bed column have been found
for the velocity associated with a concentration
on a diffuse boundary and for the velocity of the
concentration shock in moving-bed chromatog-
raphy [3,11]. Of special importance, u, increases
with increasing concentration for a convex-up-
ward isotherm. In this case, accordingly, the
bands will have a rear diffuse boundary and a
front shock, as in the fixed-bed case.

However, in the moving-bed case the velocity
associated with a concentration on a diffuse
boundary (Eq. 15) may be positive or negative,
depending on the sign of (1~ BF dg/dC). We
need to consider separately these two possible
cases. In fact, in the most common applications
of MB and SMB implementations, the feed will
be separated into two fractions on the basis of
the sign of the velocities associated with low
concentrations of the two pure components. The
simplest practical case is the separation of a
binary mixture, with one component moving in
one direction and the other in the opposite
direction.

Shock velocity and mass propagation

When a concentration shock is formed, its
velocity is not given by Eq. 15, but by an
equation similar to Eq. 7 and derived in the
same manner:

| _gF-24
v —a 2P AC
LU
1+F£q_
AC
Langmuir [ k6(1+B) ]
= ull-—

~{A+5C) +k, (16)

where Aq/AC is the slope of the isotherm chord
(Fig. 1). Comparison between Eqs. 15 and 16
shows that for a given concentration C, u, will be
larger than U, in the case of a convex-upward
isotherm, as it is in fixed-bed chromatography.
Hence the concentration plateau obtained in the
case of a rectangular pulse injection (boundary
conditions 4b and 4c) shrinks and disappears,
leaving a concentration shock of decreasing
amplitude which moves at a decreasing velocity.

In fixed-bed chromatography, the migration
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velocity of a slice of thickness dz of the profile of
a retained component is given by

o _ _net flux eCu
" total mass  eC + (1 - £)q
. Uu L'dng_muil’ 7 17
1+ g 1+ ko o
C 1+bC

Thus, as explained and illustrated elsewhere
(Ref. [5], pp. 227-228), the mass of component
contained in a slice of column of thickness dz
where the concentration is C migrates at the
velocity of the shock, U, (Eq. 16), while the
concentration C moves at the velocity u,. Simi-
larly, in moving-bed chromatography, the migra-
tion velocity of a slice of thickness dz of the
profile of a retained component is

8 net flux

~ ‘total mass
Bk
_ &Cu — (1 — £)qu Langmuir 1+ bC
cC+(1-eg  “ ki
' 156c

(18)

In moving-bed chromatography also the mass
contained in a column slice of thickness dz
propagates at the shock velocity, while concen-
trations propagate at the faster velocity u,.
However, whereas in fixed-bed chromatography
V° is always positive and a retained component
always moves forward, in moving-bed chroma-
tography, by contrast, the mass velocity, Ve s
proportional to (1 — BFq/C) which depends on
the velocity ratio, B, and on the local solid- and
liquid-phase concentrations, g and C. V* may be
positive, negative or zero.

2.4. Equations for the band profile in the
different possible cases

The injection profile is described by Egs. 4b
and 4c. It includes two concentration shocks.
The first, at the injection front, enters the
column at time ¢ = 0; the second, at the injection
rear, enters the column at time ¢ =/ . Between
these two shocks, there is a concentration

plateau at C =C, with a width ¢,. Because the
band may change direction of propagation when
the shock amplitude decreases (see later), we
need to clarify the concepts of the front and rear
of the band. We define the band front as the part
of the profile which arises from the front shock
of the injection pulse, that which enters the
column first; the band rear is the part of the
profile arising from the rear shock of the rectan-
gular injection front. Owing to the complexity of
countercurrent chromatography, the front so
defined may be eluted last, which should not be
surprising as it may leave the column through the
extract exit.

The solution requires now that we distinguish
several possibilities, depending on the sign of the
velocities associated with the concentration
shocks and with the concentration C =0. If the
shock velocity is positive, it begins its migration
in the direction of the liquid phase. If it is
negative, it migrates in the direction of the solid
phase. However, if the shock velocity is positive,
the velocity of the concentration C =0 can be
positive or negative. In the former case, the
entire band will eventually elute with the liquid
phase. In the latter case, the shock, which
migrates in the direction of the liquid phase but
erodes progressively and slows, may or may not
reach the liquid phase exit. We discuss all these
cases in detail.

First case: all concentration velocities are
positive, Bk;<1

In this case, all the concentrations migrate in
the direction of the liquid phase. Since for a
convex-upward isotherm, dg/dC decreases with
increasing concentration, C, the associated ve-
locity (Eq. 15) increases with increasing con-
centration. Because high concentrations move
faster than lower concentrations but cannot pass
them, the front shock is stable and will prop-
agate along the column. In contrast, the rear
shock is unstable, collapses in a flight of charac-
teristics and spreads continuously [7,10,11].

Since the rear shock becomes a diffuse bound-
ary, each concentration C moves at the velocity
given by Eq. 15. The retention time of con-
centration C at the column outlet is
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dg
L 1+ F—
R(C) =1, + = =1, +1, dqu
r4 1_{3};«
dC
.angmuir l+ k
Langn 1+:(,[1+, ( ,fi) o ] (192)
P : (1+bC)Y — Bk,

where ¢ results from the injection duration and
the fact that the rear diffuse boundary results
from the collapse of the rear shock of the
injection profile. Since dg/dC decreases with
increasing concentration, th(C) also decreases
with increasing C. Eq. 19 shows that 5(C)
increases with increasing B, corresponding to an
increase in the effective column length seen by
the band which moves against the direction of
the solid phase.

The profile ends at the elution time of the
concentration C =

ROy =1, +1,-+ (19b}

+k}
Bk
with k= F[dg/dC],. where [dg/dC], is the
initial slope of the isotherm.

The front shock of the injection pulse moves
at the constant velocity U (C,) as long as the
injection plateau is not eroded away (see below).
If the injection plateau still exits, the retention
time of the shock at the raffinate exit z = L is

L+ Feg
t°(C,) = L AC
s it} US(C“) 1) Aq
1=BF%c
Lang‘m\ur (1 + B)kﬂ J
[ (1+6C,) ~ Bk, (20)

where 1, = L/u is the holdup time and Aq/AC =
[4(Cy) = g(0)]/C, is the slope of the isotherm
chord, as illustrated by the dotted line in Fig. 1
(in the case of the Langmuir isotherm).

Since the rear of the band profile is a diffuse
boundary whereas its front is a shock, the two
ends of the injection plateau propagate at differ-
ent velocities. The velocity of the front shock is
given by Eq. 16 and its retention time is given by
Eq. 20. All concentrations on the rear diffuse

boundary move at velocities given by Eq. 15,
and their retention times are given by Eq. 19.
The point at the rear of the plateau is the highest
point of the rear diffuse boundary, with a re-
tention time t5(C,) derived from Eq. 19 with
C = C,. For the convex-upward isotherm consid-
ered here (see Fig. 1), dg/dC(C,)<Agq(C,)/
AC=[q(Co) —q(0)/C, and  u,(Cy) > U(Cy).
Hence the velocity of the point of the diffuse
profile at C=C, is larger than the shock ve-
locity. The plateau becomes narrower, shrinks
and eventually disappears if the column is long
enough. Then, the rear diffuse boundary cap-
tures the front, the shock erodes, its height
decreases and it slows (see Eq. 16). The tip of
the band profile belongs both to the front shock
and to the rear diffuse boundary. u«, is larger
than U, for any given value of C. As a conse-
quence, the point at the tip of the shock dis-
appears constantly and the shock keeps becom-
ing shorter and moving more slowly. Therefore,
after the concentration plateau at C=C, has
disappeared, Eq. 16 can no longer be used to
calculate the retention time of the shock.

This time is easily derived by observing that
the total mass in the column must be conserved
and that, accordingly, the area of the mass flux
at the raffinate end (in the present case) of the
column, z = L, must be equal to the area of the
injection profile [16]. We can calculate the net
mass of component leaving the column by inte-
grating the net mass flux profile of the com-
ponent (Eq. 13) from C=0 to C=Cy, where
C,, is the maximum concentration of the profile.
This gives

me = [ 180 - 4148 (©)

= tyeuq [C + Fg(C))|c™

Agq
— ij;mé(:_ ﬁ(C)‘CM (213)
Aq 0

ﬁF

The mass flux entering the column is given by
the equation
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Co ‘
M= [, dg0) = 18P Ol (21b)

Writing that these two masses are equal gives

t,[C = BFg(O)]|5° = 1,4 [C + Fg(O)][5™

1+ F- —-—dq((é“) _
[C - BFq(O)lls™ ¢ (21c)
dg (CM)
1=BF-—4¢

Cy 1s obtained as the root of this algebraic
equation. Once it is known, its retention time is
derived from Eq. 19 as t5(C,,).

The above derivations apply to any isotherm,
with the only condition that it has no inflection
point. In the case of the Langmuir isotherm (Eq.
21¢), Cy can be solved in closed form and the
maximum concentration of the band is

CLEHVLE(+ (LF - 1)Bk))
M b(1-L*)

(22)

The retention time of the maximum concen-
tration of the band when the injection plateau
has been eroded away is given by

1R(Cy) =1, +1,+1,(1+ Bk,
(-7
LEQU+ Bhy) + 1~ By + 2VLE(1 + LEBk, — Bk))
(23)

X

where L? is the loading factor, or ratio of the
sample size and the column saturation capacity:

Bk )
1- t,Cob
B( 1+5C,/)n

Le=—"xa+p)

The loading factor is lower in moving-bed chro-
matography than with a fixed bed of the same
length because moving the solid phase back-
wards effectively increases the length of the
column bed along which a component must
migrate before eluting out of the column.
Obviously, the solution of the moving-bed
problem in the case in which the concentration

(24)

velocities are all positive is very similar to the
solution of fixed-bed chromatography. A com-
parison of the relevant equations shows that the
equations giving the band profile in moving-bed
chromatography tend toward those derived for
fixed-bed chromatography when the velocity of
the solid phase tends toward O (see Table 1). A
discussion of this comparison follows. It is con-
venient for the purpose of this discussion to
report the retention time of the shock and the
elution times of concentrations with respect to
those observed under fixed-bed conditions.
These expressions can be written explicitly in the
case of Langmuir isotherm.

Retention times in fixed-bed and moving-bed
chromatography. Assuming that all the ex-
perimental conditions are the same for the mov-
ing and the fixed beds, except for the movement
of the solid phase in the former case, the
retention times of a shock of amplitude C and of
a concentration C become

t(C) = 1(C) 1
T?(C) = 0 = 1
P
BF 3C
Langmuir 1
= T+¥sC (252)
Bk
By RO-RO) 1
TR( ) 0 (©) 1
R ——1
P
BE-3¢
.angmuir 1
gm0 (25b)
(1+bC)” —1
Bk,

where 7£(C) and 75(C) are the relative differ-
ences of the retention times of the front shock of
amplitude C and of a concentration C, respec-
tively, between moving-bed and fixed-bed col-
umns. Since in the present case Bky<<1 and
d’¢/dC* <0 (convex-upward isotherm), we have

always BF dg/dC <1 and, as a consequence, -rf

and 7% are positive. They increase with increas-
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Table 1

Moving-bed chromatography

Fixed-bed chromatography

General isotherm model, g = f(C)

dq
By =1,+1, vadfg r‘é(C)=:p+aﬂ(i1+p-§%)
1- BF 3= ‘
o B w
1€ = BF(OIE° =109 1€+ FtONi™ - 1€~ BFg(O)]);™ o= 5~

dg
I~ BF 95 (Cy)

Case of the Langmuir isotherm. g =aC/(1 + &C)

{1+ B,
RO =ty 1
(1+ Bk, }
B8 P
Gyl = ‘ﬂ{[ T BC,) - gk,

(1-L%)

%) =1 +—1[1+_—ké*-——]
® L (i bey?

e
a . &
dicy =1+ Hbq,)

((C) = 1, + 4y + kit (1 = VL)

tﬁ(CM) :Ip ti ’o“ + Bk

~ (] 1+ bt.’,‘,,)r"("“b
T pki(l+B)

LB+ Bla)+ 1= BRy+ VLB + LEBk, - BK()

L;’z_,'f.b.v: 1Cob

ing B and with decreasing concentration of the
component in the liquid phase.

This result is expected. The migration of the
solid phase in the direction opposite to the
liquid-phase stream and to the direction in which
the lesser retained bands migrate increases the
apparent column length and the actual migration
distance of a band in the column. The larger is 8.
the longer are the retention times. This effect is
illustrated in Fig. 2a and b, which show the band
profiles obtained at the end of a short (Fig. 2a,
L =10 cm) and a long column (Fig. 2b, L = 100
cm), for the same rectangular injection (C, = 10
mM) and the same velocity of the solid phase.
The injection pulse width has been chosen so
that the band elutes from the short column
before the injection plateau has been eroded
away.,

Erosion of the injection plateau between the shock
and the diffuse boundary. The width of the
injection plateau decreases continuously because
the highest point on the diffuse boundary moves

faster than the shock. The width of this plateau
is given by

_ d Aq
t?z(cn,} - IS(C&) =i+ tu{“&% (Co) — Tﬁ._é] (262)

in the fixed-bed case. In the moving-bed case, it
is

fﬁ(cn) - If(C(,} =1, +
dg Aq
“’*W[EE(CWE&]

[1-pr-gcol1-pr-5E)

x

(26b)

As Bdg/dC<1 and dgq/dC(C,)<Aq/AC(C,),
we have

1R(C,) = 1(Cy) < 1r(Co) — £(Cy) (26¢)

The width of the residual injection plateau at the
top of the band profile is smaller in the moving-
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bed case than in the corresponding fixed-bed
case. This is clearly illustrated by the chromato-
grams calculated in Fig. 2a.

Profile of the diffuse boundary. Both 7% and ¢},
decrease with increasing liquid phase concen-
tration; so also does 75 (C) — ry(C), and

1R(Co) = (R (Cy) S 15(C) = £3(C)
< 15 (0) — 1R (0) (27)

This means that the retention time of a given
concentration, which increases with decreasing
concentration, increases faster in moving-bed
than in fixed-bed chromatography. The band
width or distance between the band front or
shock and its point at any concentration C is
larger under moving-bed than under fixed-bed
conditions. In other words, the rear diffuse
boundary is more diffuse for the moving-bed
than for the fixed-bed column and its width
increases with increasing B or solid-phase ve-
locity. This effect is illustrated in Fig. 2a and b.

As a consequence, the elution bands are more
dilute in moving-bed than in fixed-bed chroma-
tography. This conclusion has no direct conse-
quence, however, on the concentration of the
fractions collected in the conventional applica-
tions of the method.

Band profile area. In fixed-bed chromatography,
the area of the elution band profile represents
the mass leaving the column, as explained previ-
ously. Because the component mass in the col-
umn must be conserved, this area must remain
constant and equal to the area of the injection
profile. This property is used to determine the
maximum concentration of the band, once the
injection plateau has been eroded away (see
Theory). Inside the column, however neither the
area of the liquid-phase nor that of the solid-
phase concentration profile remains constant. It
is the total concentration (C + Fg) profile area
that remains constant. whether in fixed-bed or in
moving-bed chromatography. This is due to the
non-linear behavior of the isotherm which causes

a variable proportion of the component to be in
each phase at equilibrium.

It is interesting to calculate the area of the
liquid-phase concentration profile at the column
exit and compare it with the injection area. The
area of a rectangular injection pulse is

S"=1,C, (28a)

The band area at the outlet of column in fixed-
bed chromatography is

Cy
s = [ e - 2t
0

Co dq Aq)
:tpC0+t0FL (E—A*C dC

=gt (28b)

This result is obtained because dg|s°=(Aq/
AC)AC. This demonstration is general, indepen-
dent of the isotherm properties, whether convex
upward or downward. It results from the fact
that the profile is a solution of the mass balance
equation and that only the liquid phase leaves
the column.

In moving-bed chromatography, the area of
the elution profile of the liquid-phase concen-
tration band is

Cy CU
s = [ o) - deordc = 6,6 o |,
1]

BTl (3}
(29a)

We have no solution for Eq. 29. However, in the
case of the Langmuir isotherm, it simplifies to

S()u\ _ Sin — Io(l + 6)]((’)
{ 1 [(1+bCM—-'y)(l+y)
n

2by L1+ bCy +y)(1— )
CM

with y = V/Bk/,. The right-hand side of Eq. 29b is
always positive for the case studied here, since it
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is equal to 0 when C,, = 0 and its first differential
with respect to C,, is positive. Thus, the area of
the band profile of the liquid-phase concentra-
tion is not conserved but is larger at the column
outlet than at injection. It increases with increas-
ing B. This reflects the fact that the concen-
tration of the component in the solid phase that
enters the column (and is in equilibrium with the
exiting liquid phase) is finite and that this phase
and the liquid phase move in opposite directions.
Hence part of the amount eluted in the liquid
phase returns into the column with the solid
phase.

As an example, while the areas of the in-
jection profiles of the short and long columns in
Fig. 2a and b are identical (dotted line, 8 =1),
the areas of the profiles of the liquid-phase
concentration obtained at the outlet of each of
these two columns are 1.032 (Fig. 2a) and 1.16
(Fig. 2b), respectively, larger for moving-bed
than for fixed-bed operation. The problem of the
mass conservation is easily solved by considering
the local mass flux.

Mass flux and mass conservation. Based on the
net mass flux of component given in Eq. 13, we
can calculate the masses injected into the column
and leaving the column in the case in which a
residual injection plateau is included in the
elution profile

Co

M= 1, dg"(C) = 1,8 (O (30a)
Co
me = [ - selate) e
] "
¢y 1+ F —=
=j 1+, —dc
0 P dg
i 1-af4¢
Aq
1+ F-—L
AC a
—to| | [
1—aF &
AC

=1,8°(O)|g°

+ tyeud [C + Fq(O)]|5°

14+ F-24
AC | ..
- Ag g(C)I(fO
1 - aF —&
AC

=1,8°(C)go =M" (30c)

Mass is indeed conserved, which is expected in
the case of the exact solution of a mass balance
equation. A similar calculation was used to
determine the maximum concentration of the
band, and hence its retention time when the
shock has been captured by the diffuse bound-
ary, assuming conservation of the net mass flux
(Eq. 21). However, it was important to illustrate
the difference between fixed-bed and moving-
bed problems and to emphasize that, since the
solid phase moves in and out the column as well
as along it and carries a fraction of the retained
component, its contribution to the solute mass
flux must be taken into account in the latter case.

Fig. 3 illustrates the time profiles of the in-flux
and out-flux for (a) the short and (b) the long
column, with the rectangular profiles showing
the injection or in-flux profiles and the curved
lines showing the out-flux in the case for which
8 = 1 (dashed line) and 8 = 2 (chain-dotted line).
The areas of the in-flux and out-flux profiles are
now the same, but note that, although the
concentration profiles at injection are the same
for the two values of B, the in-flux profiles are
different (see Eq. 13).

Second case: the limit velocity is zero, Bky=1
As in the previous case, any finite concen-
tration migrates at a positive velocity, i.e., in the
direction of the liquid phase, but the limit
velocity, or velocity associated with the con-
centration C =0, is zero. This case differs from
the first case, in which even the limit velocity is
strictly positive (i.e., different from zero). Now
the end of the band (C = 0) does not move at all,
as illustrated in Fig. 4a, which shows concen-
tration profiles along the column. All these
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Fig. 4. Non-negative velocity case: 8 =4, C,=4 mM. Liguid-phase flow velocity, u =5 cm/s; short column, L =0.5 cm; long
column, L =5 cm; middle column, L =1.5 ¢m, which is just shorter than the characteristic length L*; two characteristic
concentrations C, = S mM and C, = 12.5 mM. (a) Axial band profiles along the column at two different times: solid line, £ = 0.6 s;
dotted line, 1 = 1.13 s. (b) Temporal band profiles at the raffinate outlet (z = L), short column. (c) Same as (b) but long column.
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profiles go through the origin. Accordingly, the
end of the band, the concentration C =0 will
never exit from the column. The profile will tail
indefinitely, an exceptional situation with the
ideal model and its hyperbolic mass balance
equation. The elution profile in the liquid phase
is tllustrated in Fig. 4b. All the other features of
the band profiles are given by the same equa-
tions as in the previous case.

Third case: the limit velocity is negative,
Bki>1

In this case, the retention of the component
injected and/or the solid-phase velocity are high.
Accordingly, the velocities associated with low
concentrations are negative. However, because
virtually all solid phases have a saturation capaci-
ty, equilibrium isotherms have a horizontal
asymptote and dg/dC tends toward zero when C
increases indefinitely. Hence there is always, at
least in principle, a value of the injection con-
centration, C,;, which is high enough for the
velocity associated with the high concentrations
of the diffuse boundary and/or for the front
shock of the rectangular injection pulse to have a
positive velocity. Accordingly, we must distin-
guish several cases, depending on the signs of
these velocities (see Fig. 5). Let C, be the
concentration for which «.(C,)=0 and C, the
concentration for which U (C,) = 0. C, is smaller
than C, since the isotherm is convex upward and
U (C)<u,(C) for all values of C, as illustrated
in Fig. 5.

From Eqgs. 15 and 16. we derive the equations
giving C, and C,:

d 1
—(%(Cl):ﬁ (31a)
A 1
1 ©)=5F (31b)

For the Langmuir isotherm, these equations can
be solved in closed form:

C=5 (VBK, - 1) (310

C.= (BR, - 1) (31d)

2

2.5
I

Velocity (cm/s)
0

I — T 7
0 5 10 15 20 25

Concentration (mM)

Fig. 5. Definition of the concentrations C, and C,. Solid line,
shock velocity, U (C); dashed line, velocity associated with a
concentration, u,(C). Experimental conditions as in Fig. 4.

n
i

and C, <C,. In the figures, 8 =9, k;=0.25,
b=0.1mM ' soC,=5mM and C, = 12.5 mM.
Note that 8 =9 would probably be an unrealisti-
cally high value in many applications but this
choice permits informative illustrations of the
profiles obtained.

As illustrated in Fig. 5, there are three differ-
ent cases:

{1) Cy<C,. The velocities associated with any
possible concentrations of the band profiles are
negative, u, (C)<0, U(C)<0, VC. The band
migrates in the direction of the solid phase and
the component is entirely eluted as an extract
[17].

(ii)) C, <C,<C,. The front shock of the
rectangular injection pulse has a negative ve-
locity, i.e., moves in the direction of the solid
phase. However, the velocities associated with
the high concentrations of the band profile (C, <
C << C,) during injection and immediately after
are positive and these concentrations tend to
move in the direction of the liquid phase. Con-
centrations lower than C, have a negative associ-
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ated velocity and move in the direction of the
solid phase.

(iii) C, < C,. The concentration of the rectan-
gular pulse injection is high, the front shock of
the injection band moves in the direction of the
liquid phase and the shock keeps moving in this
direction after the front shock has been captured
by the rear, diffuse boundary, as long as C, <
Cym- On a diffuse boundary, the high concen-
trations C > C, move in the direction of the
liquid phase and the low concentrations in the
direction of the solid phase.

The first case is simple, the whole band moves
in the direction of the solid phase and exits with
it through the column entrance, as an extract.
The other two cases are more complex. The
band will begin moving in the direction of the
liquid phase and part of it may reach the exit and
elute as a raffinate if the column is short enough.
However, because chromatography involves di-
lution, the band will eventually turn around if
the column is long, start moving in the direction
of the solid phase, and elute through the column
entrance, as an extract.

C, < C,, all velocities are negative. As all veloci-
ties are negative, all concentrations move back-
wards, in the direction of the solid phase, to-
wards the extract exit. However, as the velocity
associated with a concentration increases with
increasing concentration, the lower concentra-
tions have the larger backward velocity in abso-
lute value. As a consequence, the low concen-
trations move backward faster than the high
concentrations and the front shock of the rectan-
gular injection pulse is unstable. It collapses into
a front diffuse boundary. In contrast and for the
same reason, the rear shock of the injection
pulse is stable and it propagates as a rear shock.

Accordingly, the retention time of a concen-
tration on the front diffuse boundary is given by
the following equation:

dg
L F'HE+]
B -_ ==
WO ==l G
BE-3C

(1+ Bk } (32)

Langmuir 1 4
= - )
¢ (1+bC)° - Bk,

The equation differs slightly from Eq. 19, by the
lack of the term ¢,. This comes from the origin of
the diffuse boundary, the collapse of the front
shock of the injection. The concentration C =0
exits first, with a retention time

1+ kg

B =t —
O =1 BEr

(32b)
If part of the injection plateau remains at the
time of elution, the end of the band is eluted at
time

A
7 F22i

Br ~ AC
((Cy)y=t,+ U =t,+1, —_——Aq
S BF-xc !

(1+ Bk,
(T+5C,) —Bka] (332)

Langmuir
= f,—fy L+

If the rear shock has been captured by the front
diffuse boundary, the maximum concentration of
the band, C,,, is given by the same mass balance
equation (Eq. 21). In the case of a Langmuir
isotherm (Eq. 22), the retention time of the
shock can be solved in closed form and becomes

1o(Ca) = —1, = 1,(1 + Bk
(1-L¥y
" LA+ gk + 1 - pky - 2VLE+ LBk, - BRy)
(33b)

Note that in this case, the loading factor, L{, has
a negative value since the column length is
negative in this direction.

In fact, the solution of the problem in this case
is the exact opposite of the solution obtained in
the case of a positive velocity, studied in the
previous section, the roles of the front and rear
shocks of the rectangular injection pulse being
exchanged. Accordingly, the parameter ¢, the
width of the rectangular injection pulse, appears
in those equations of the present solution (nega-
tive velocities) whereas it does not in the equa-
tions of the other solution (positive velocities),
and conversely.

Fig. 6a illustrates the concentration profiles of
the band along the column at two different times
after the injection. Fig. 6b shows the elution
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Fig. 6. Negative velocity case: ¢, <C,, 8 =9, C, =3.5 mM.
Experimental conditions as in Fig. 4. (a) Axial band profiles
the column at two different times: solid line, ¢=10.55 s;
dotted line, r=0.67 s. (b} Temporal band profiles at the
extract outlet (z = —L): solid line, short column; dotted line,
long column.

band profiles at the extract exit of a short (solid
line) and a long column (dotted line). The
former band profile exhibits a residual plateau at
the injection concentration and the retention
time of the rear shock is given by Eq. 33a. The
latter profile is shorter and its maximum con-
centration is given by Eq. 21 or 33b.

C.=C,, the velocity associated with the con-
centration C, is zero. This is a transition case.
When the injection concentration C, is equal to
C,, u,(Cy)=u,(C,)=0. Hence the maximum
concentration of a diffuse boundary does not
move. The front shock of the injection pulse is
unstable and a front diffuse boundary is formed
as in the previous case. The retention time of a
concentration C on this boundary is given by Eq.
32. The top point of this boundary, however, has
a velocity equal to zero and it stays at the origin.
Fig. 7a shows the concentration profile along the
column at three successive times, corresponding
to the injection still in progress, the end of the
injection and some time afterward. The rear
shock cannot move forward as its velocity is
negative [U (C) <u,(C)]. It cannot move back-
wards, however, because it is kept at the origin
by the injection as long as it is in progress. In
this case, there is no injection plateau. However
long the injection or short the column, this
plateau is reduced to a single point.

When the injection is finished, the rear of the
band is a stable shock which has a negative
velocity. The front diffuse boundary of the band
and its rear shock have the same maximum
concentration, C,. At this concentration,
U(C,)<u,(C,) and the velocity of the rear
shock is lower than the velocity associated with
the band maximum. As these velocities are
negative, the shock starts moving backwards as
soon as the feed injection ends. It moves back-
wards faster than the top of the diffuse bound-
ary. Hence the tip of the shock (and the top of
the band) is eroded progressively and the height
of the concentration point at z =0 begins to
decrease. Since C,, becomes lower than C, = C,,
the velocity associated with C,, becomes nega-
tive and the band rear shock begins to move
backward (Fig. 7a, third profile). The elution
profiles are illustrated in Fig. 7b for two different
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column lengths. These profiles are characterized
by the lack of a plateau at the injection con-
centration, whatever the width or duration of the
injection. Since the injection plateau has been
eroded away, the maximum concentration of the
band, C,,, is given by Eq. 21 in the general case
or Eq. 22 for a Langmuir isotherm.

C, = C, = C,, the velocity of the shock is nega-
tive, the velocity associated with C, s
positive. When the injection concentration, C,,.
is between C, and C,. the velocity associated
with the high concentrations on the diffuse
boundary, u,(C), is positive whereas the velocity
associated with the low concentrations is nega-
tive. For the intermediate concentration C,,
u,(C,)=0. However, the shock velocity, U (C)
is always negative. This results in a more com-
plex situation than previously encountered.

The rectangular pulse injected into the column
begins with a front shock rising from 0 to C,.
This shock cannot move. If it moves backwards,
it is unstable and collapses into a diffuse bound-
ary whose highest concentration, C,, has a
positive velocity, and hence should move for-
ward. However, if the concentration C;, moves
forwards it becomes the head of a stable front
shock, a shock whose velocity is negative, so this
shock should move backwards. Thus, it is phys-
ically impossible for the shock to move either
forwards or backwards. As in the previous case,
the band front does not move but it stays at the
injection point.

The situation is the same for all concentrations
between C, and C,. These concentrations cannot
move in the column. Concentrations lower than
C, move backwards, as part of a front diffuse
boundary, as they do in the first case since their
velocities are negative. Concentrations larger
than C, should move forwards since their associ-
ated velocities are positive. However, if they
move forwards, they must be part of a stable
front shock whose velocity must be negative
[since U(C,)<0]. The paradoxical situation is
that although a feed at concentration C, is
pumped into the column. only concentrations
lower than C, (or larger than (,, see next
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Fig. 7. Negative velocity case: C,=C,, =9, C,=5.0 mM.
Experimental conditions as in Fig. 4. (a) Axial band profiles
along the column at three different times: solid line, = 0.25
s; dotted line, r = 0.5 s; dashed line, t = 0.9 s. (b) Temporal
band profiles at the extract outlet (z = —L): solid line, short
column; dotted line, long column.
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section) can move along the column. The column
offers an infinite resistance to its penetration by
a feed at a concentration intermediate between
C, and C,. In other words, there is an instanta-
neous dilution of the feed from C, to C,
certainly a phenomenon to be avoided.

When the injection is finished, the maximum
concentration of the band begins to decrease, the
amplitude of the rear shock becomes smaller
than C, and it begins to move backwards at a
velocity which increases progressively as the
shock amplitude decreases with progressive dilu-
tion. The band profile is given by the same
equations as in the previous case.

C,> C,, the velocity of the injection shock is
positive. When the injection concentration C,, is
higher than C,, we can distinguish three con-
centration ranges in the boundaries of the band
profile:

(i) when C = (|, both the velocity associated
with the concentration C, u_(C), and the shock
velocity, U (C), are negative;

(ii) when C, = C =< C,, the velocity associated
with the concentration C 1s positive and the
shock velocity is negative;

(iit) when C, < C, both the velocity associated
with the concentration C and the shock velocity
are positive.

Thus, the front shock of a rectangular in-
jection pulse has a positive velocity, U (C,); it
moves forwards and it is a stable shock. When
the rectangular injection pulse ends, the con-
centration profile along the column is the same
as in the case of a component for which the
velocities associated with any values of the
concentration are positive and whose band
moves forward (First case). As in this case also,
the rear shock is unstable and collapses. becausc
the velocity associated with a concentration
increases with increasing concentration. There is
a major difference, however: the velocities asso-
ciated with the low concentrations are negative
and these concentrations move backwards while
the front shock continues to move forwards.
During the whole time when the injection is in
process, the concentration C, remains stable at

the origin. It cannot move as its velocity is zero
(Fig. 8a).

As its front moves forwards and its rear moves
backwards, the band spreads rapidly and the
diffuse boundary captures the shock. The am-
plitude of the shock begins to decrease and it
slows. In contrast to the case when Bk, <1 (First
case), the shock velocity can become zero in the
present case. This takes place when the shock
amplitude becomes equal to C,. Then the shock
stops and starts moving backwards. u,(C) is still
positive, however, and the amplitude of the
shock decreases rapidly. As long as the shock
amplitude is larger than C,, the diffuse boundary
has the concentration C, at the injection point
(z=0). The rear shock goes by the injection
point when its amplitude becomes equal to C;.
Spatial band profiles observed shortly after the
end of the injection and at the time when the
diffuse boundary captures the shock are illus-
trated in Fig. 8a and b.

Depending on the duration of the injection
and the column length, part of the feed may exit
with the liquid phase, as a raffinate, if the shock
can reach z =L during its forward migration,
i.e., if the amplitude of the shock when it
reaches the exit of the column is such that C >
C,. The rest of the injection leaves the column
with the solid phase, as an extract. Thus, three
types of band profiles can be obtained:

(a) If the column is short and/or the injection
duration long enough, the front shock at C,
reaches the column raffinate exit (z =L), fol-
lowed by the rest of the injection plateau and a
diffuse boundary. As the injection plateau is not
vet eroded, the retention time of the shock is
given by

Ag
1 +F-E(Cl,)

[{j(Cn) =1 A
1-BF- 35 (C)
Langmuir (1 + ﬂ)k(’) :I
=1+ e sey = 34)

The diffuse boundary of the elution profile is
derived from the retention time of a concen-
tration
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Fig. 8. Negative velocity case: C,> C,. 8 =9, C, = 25.0 mM. Experimental conditions as in Fig. 4. (a) Axial band profiles along
the column at four different times: solid line, ¢ = 0.55 s; dotted line, 1 = 0.86 5; dashed line, ¢ = 1.02 s; chain-dotted line r =1.22 s,
L*=1.61 cm. (b) Axial band profiles along the column at three different times: solid line, 1 =0.55 s; dashed line, t=1.02 s;
chain-dashed line. r=1.61 s. (c) Temporal band profiles consisting of the front shock and the higher part of the rear diffuse
boundary at the raffinate outlet (z = L): solid line, short column; dotted line, middle column. (d) Temporal band profiles at the
extract outlet (z = —L}): solid line, short column; dotted line, middle column. For both columns, the profiles consist of only the

lower part of the rear diffuse boundary. Chain-dashed line, long column; the profile consists of the whole band (the front shock
and the whole rear diffuse boundary).
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d
s Fact]
tR(C) = lp + [0 dq
l*ﬁF'(TCT
angmuir 1+ k'
L g: tp+[(]|:1+ ( B7) 0 ]
(1+bC)y — Bk,
(C=C) (35)

This equation is the same as Eq. 19. The rear of
the injection plateau is eluted at time t5(C,). If
this time is shorter than the retention time of the
shock. the latter has been captured by the diffuse
boundary and the amplitude of the shock is less
than C, (see case b).

Only concentrations larger than C, can leave
the column through the liquid-phase exit (raffi-
nate). Lower concentrations are associated with
negative velocities and must leave the column
through the other end (extract). Fig. 8 and d
show the elution profiles at the raffinate (Fig. 8c)
and extract (Fig. 8d) exits. In Fig. 8¢, two
possibilities are shown, when the profile includes
a plateau at the injection concentration and
when this plateau has disappeared. These elution
profiles never end but have a horizontal
asymptote at C = C, since the retention time of
concentration C, is infinite. Although the liquid-
phase concentration profile has an infinite area.
there is no physical impossibility because the
outgoing mass flux of the component falls rapidly
towards zero when C tends towards C, and is
zero at C=C,. The area of the component-
concentration profile in the liquid phase has no
direct physical meaning and is not conservative
because there is a finite concentration, g, =
f(C)). in the solid phase entering the column at
z =L [1]. Only the net mass flux of component
leaving the column is conserved. Note the strik-
ing difference between the profiles in Fig. 8d.
depending on whether the column is or is not
long enough for the front shock to change its
direction of migration. When the whole sample
exits as an extract (chain-dashed line) the elution
profile appears normal. When the column is
short and the front shock elutes at the raffinate
exit, the elution profile has an infinite area. This
is a good illustration of the fact that only the

mass flux is conservative, while the area of the
concentration profile is meaningless in moving-
bed chromatography.

The concentrations which are lower than C,
leave the column with the solid phase at the
extract exit (z = —L). Typical profiles are shown
in Fig. 8d. The equation of the continuous
profile is not Eq. 35, but

1+ 7.
. -L “dC
(R(C)=1, + . =1, dg
1=BF-3¢
angmuir 1+ k’
ey ft0[1+ ( '6;) . ]
P (1+bC)* — Bk,
(C=<C) (36)

Although similar to Egs. 32 and 335, this equation
differs from Eq. 32 by the presence of ¢, and
from Eq. 35 by the sign of L. The concentration
C, remains stagnant anywhere it appears on a
diffuse boundary, first at the injection point,
then all along the column. It can be eluted only
if it is swept out by the passage a shock. If, as in
the present case, no shock comes to purge the
column, it becomes filled with the component at
concentration C,, a concentration which does
not move in either direction.

(b) As we have shown earlier, the amplitude
of the shock decreases once it has been captured
by the diffuse boundary and the shock slows.
Eventually, its velocity becomes zero when the
band height has decreased to C,. Then, the
shock turns around to migrate in the opposite
direction, pushing the entire band profile back-
ward. Thus, there is a critical column length, L*,
such that if L <L*, the front shock exits with
the liquid phase, and some raffinate is collected,
whereas if L. > L*, the same shock exits, as the
rear band shock, through the column entrance,
with the solid phase and all the sample is
collected as an extract. This critical column
length is derived from the integral mass balance
equation (Eq. 21), by writing that the maximum
concentration of the band, or shock amplitude,
C,,. has become equal to C,. This length is
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L* — tpu[C() - BFq(C())]

C, + Fq(C,)
Lang_muir tpuC()B ( _ Bk(') ) (37)
T G(1+pB) 1+bC,

If the column length is less than L*, the
maximum band concentration C,, is larger than
C, and the situation is similar (see Fig. 7b,
dotted line) to that just described in (a). The
maximum band C,, can be obtained from the
mass balance, i.e., the injected mass at the feed
point must be equal to the sum of the masses
leaving the column at both the positive and
negative outlets and the mass staying inside the
column. Hence C,, is determined by Eq. 21 or
22, and the retention times are given by Eq. 35.

(c) If the column is longer than L*, the band
maximum C,, decreases and becomes lower than
C, before it can leave the column at its raffinate
outlet. In this case, U (C) changes sign at con-
centration C, and the front shock stops and
changes the direction of its migration from
forwards to backwards. This shock remains sta-
ble after shifting the direction of its migration. It
now moves backwards, in the direction of the
solid phase, opposite to the direction of migra-
tion of the high concentrations (C, < C < C,) on
the diffuse boundary. This interaction between
the shock and the high concentrations on the
diffuse boundary causes a rapid decay of the
shock. During all the time when the band shock
is in the positive part of the column (i.e., z > 0).
the diffuse boundary of the band has a con-
centration equal to C, at the origin (z =0).
Hence the shock concentration i1s equal to C,
when it passes the feed point. Further, con-
centrations on the diffuse boundary can move
backwards only if C < C,. Eventually, the front
shock leaves the column at the extract outlet. In
this last case, the whole band exits from the
column at the extract end and is not split into
two fractions as it is in the cases (a) and (b)
above.

As the whole band leaves the column at the
negative (extract) outlet, z = — L, the retention
times of the front diffuse boundary is given by
Eq. 36, and the band maximum C, is given by

~1,[C = BFg(O)]I5° = 1,4 [C + Fg(O)]|g™

dg
1+F'E(CM)

d
1- BF & (Cy)

For the Langmuir isotherm, Cy, can be expressed
analytically:

VL1 @+ DBk - LY

[C — BFg(C)]|g™ (38)

C 39
M b(1+LP) (39)

and the retention time of the band is

B(Co) =1, — 1, — {1+ Bk,
(1+ LYy
X

—LY(1+ Biy) + 1 - Bky+2VLE(-1+ LBk} + Bk;)
(40)

Note that, in this case, the rear of the injection
profile reaches the column end first, before the
front shock of the injection. This is due to the
change in the propagation direction of the front
shock which results in a negative sign in Eq. 38
replacing a positive sign in Eq. 21. Whereas in all
the other cases the column operates as a first in,
first out storage device, in this case it operates on
the first in, last out principle.

Symbols

a numerical coefficient in the Langmuir
isotherm

b numerical coefficient in the Langmuir
isotherm

C liquid concentration of the component

Cy maximum concentration of the profile

C, component concentration in the feed

C, characteristic concentration [u_(C,)=
0]

C, characteristic concentration [U,(C,)=
0]

F phase ratio [F = (1— ¢)/€]

F, liquid-phase flow-rate (F, = eSu)
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g net mass flux

k;=TFa limit retention factor at infinite dilution

L half the column length

L; loading factor or ratio of the sample
size to the column saturation capacity

L, length of each sub-column or column
sub-section in SMB

L critical column length (Eq. 37)

M™ mass flux entering the column

M mass flux leaving the column

] amount injected (n = Cyt F)

q solid-phase concentration of the com-
ponent

S column cross-sectional area or area of
the band profile

t time

1 injection duration

to(Cy) retention time of the shock

L switching interval time

U, shock velocity

u_ - flow velocity of the liquid phase

velocity of the fluid phase in SMB

u,(C)  velocity associated with a concentra-
tion C on a diffuse boundary

1% migration velocity of an infinitely thin
slice of the profile of a retained com-
ponent

v velocity of the moving solid phase

SMB velocity of the solid phase in SMB
z position in the column

Greek letters

B8 ratio of the velocities of the solid and
the liquid phase in the moving bed
column (B =v/u)

Y intermediate parameter, y = \/Bk/,

AC concentration amplitude of the shock
in the liquid phase

Aq concentration amplitude of the shock
in the solid phase

€ total column porosity

Superscript

B characterizes parameters used in coun-

tercurrent chromatography
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